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A transient modelling framework for a vanadium redox-ﬂow battery (RFB) is developed and experiments
covering a range of vanadiumconcentration and electrolyte ﬂow rate are conducted. The two-dimensional
model is based on a comprehensive description of mass, charge and momentum transport and conserva-
tion, and is combined with a global kinetic model for reactions involving vanadium species. The model
is validated against the experimental data and is used to study the effects of variations in concentration,
electrolyte ﬂow rate and electrode porosity. Extensions to the model and future work are suggested.
© 2008 Elsevier Ltd. All rights reserved.
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. Introduction
Modern demands for increasingly efﬁcient energy delivery
nd the anticipated demand for renewable energy (the latter
ypically suffers from intermittency problems) have generated
onsiderable interest in energy storage technologies. One of the
ost compelling of such technologies is the redox-ﬂow battery
RFB). Unlike conventional batteries, such as lead-acid storage
ells, in which energy is stored in the electrode structure, redox-
ow batteries store energy in two solutions containing different
edox couples with electrochemical potentials sufﬁciently sepa-
ated from each other to provide an electromotive force to drive
he reduction–oxidation reactions needed to charge and discharge
he cell [1]. In theory, the capacity of the system is determined
y the volume of the electrolyte tanks, while the system power
s determined by the size of the stacks and the active electrode
urface area. RFB technology enjoys several advantages over some
f the established technologies such as static lead-acid batteries
1–3]:1. high energy efﬁciencies (between 80% and 90% in large installa-
tions);
. a low cost per kWh for large storage capacities;
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oi:10.1016/j.electacta.2008.05.067. existing systems can be readily upgraded and additional storage
capacity easily installed by changing the tanks and volumes of
electrolyte;
. there is negligible hydrogen evolution during charging;
. they are more “environmentally friendly” than alternatives that
rely on heavy metals such as lead, nickel, zinc and cadmium, all
of which have potentially adverse impacts during production,
use and disposal;
. RFBs can be fully discharged without harm to the battery;
7. the use of the same element in both half-cells avoids problems
of cross-contamination during long-term use—solutions have
indeﬁnite life so that waste disposal issues are minimized;
. they have a long cycle life and are relatively easily maintained;
. some RFBs can be electrically recharged or mechanically refu-
eled.
The potential applications of RFBs are numerous, including load
evelling and peak shaving, uninterruptible power supplies, emer-
ency backup (for example in hospitals and air-trafﬁc control) and
acilitation of wind and photovoltaic energy delivery [2,4].
In a true redox-ﬂow battery, the reversible electrode processes
nvolve soluble, solution-based redox species. Electrode processes
ake place at the surfaces of inert or catalyzed electrodes. The
eactants ﬂowing across these electrodes enter from reservoirs
xternal to the electrochemical cell and the positively and nega-
ively charged electrolytes are usually prevented frommixing in the
lectrochemical cell byan ion-selectivemembraneormicro-porous
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eparator. There are currently several types of RFB under devel-
pment, each employing different redox couples. One of the most
opular is the all-vanadium cell, ﬁrst patented by Skyllas-Kazacos
nd Robins in 1986, [5], and further developed by Unisearch (Uni-
ersity of SouthWales inAustralia) by Skyllas-Kazacos et al., [2,6,7].
everal commercial developers have invested heavily in this tech-
ology, includingVRBPowerSystems, SumitomoElectric Industries
SEI), Energy for Sustainable Development Ltd. (ESD), V-Fuel Pty
td. andEN-o-DEEnergyonDemand, and successful demonstration
nits have been piloted.1
The rapidly approaching commercialization of RFBs (the all-
anadium type in particular) sets a series of new challenges
o developers of the technology, notably scale-up and optimiza-
ion (with respect to ﬂow geometries and operating conditions
or example), improvement in electrolyte stability, development
f electrode materials resistant to oxidation and mitigation of
embrane fouling. Many of these challenges are not particularly
ell-suited to laboratory analysis alone by virtue of the associated
nancial costs and long timescales. In such cases it is natural to
mploy modelling and simulation as a means of down-selecting
aboratory test scenarios so that, wherever possible, extensive lab-
ratory experimentation can be avoided. However, in contrast to
onventional batteries suchas the lead-acid and lithium-ion [8–13],
here are no models of the vanadium redox-ﬂow battery of sufﬁ-
ient complexity to simulate experiment (even in the simplest case
f one dimension and steady state). In this paperwe develop a tran-
ient, two-dimensional model based on conservation principles
mass, momentum and charge), incorporating the fundamental
odesof transport for the chargedspecies andwater. This transport
odel is combined with a kinetic model to simulate the perfor-
ance of the all-vanadium RFB. The level of detail included is
ecessary for the model to form the basis of a practical simulation
ool—often a major component in the design and testing strategies.
The next section contains details of the experimental work.
etails of the model, including the underlying assumptions, are
rovided in Section 3. In Section 4 simulation results are presented,
ncluding comparisons to the experimental data and studies on the
nﬂuence of vanadium concentration, ﬂow rate and porosity of the
arbon electrode. Finally, the results are summarized and future
ork is outlined.
. Experimental details
The body of the redox-ﬂowbatterywas constructed in polyvinyl
hloride polymer. The positive and negative electrode compart-
ents were 10 cm × 10 cm × 0.4 cm in size. The compartments,
hich were divided by a Naﬁon® 114 cation exchange membrane,
ereﬁlledbyporousand layeredcarbon felt electrodes (Sigratherm
FA5). The effective volumetric porosity of the felt electrodes was
.68 ± 0.07. Electrolyte was circulated through each half-cell com-
artment throughaglass reservoir (volume250mL,with anitrogen
as atmosphere) and peristaltic pump circuit. The electrolyte con-
ained a total vanadium concentration in the range 1000–1500mol
−3, as aV(III) andV(IV)mixture, in 4000molm−3 H2SO4, at a tem-
erature of 297 ± 2K. The volumetric ﬂow rate was in the range
0–180 cm3 min−1, corresponding to a mean linear ﬂow velocity
f 0.37–1.1 cms−1 through the carbon felt electrodes. The cell was
harged at a constant current (typically in the range 2–10A, cor-
esponding to a current density of 20–100 mAcm−2, based on
he projected area of each electrode) and discharged at a constant
oltage until a minimum voltage (typically 0.8 V) was achieved.
1 Details can be found at http://www.vrbpower.com and http://www.sei.co.jp.
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ypically, the charge and discharge parts of a cycle were each
0–40min in duration. Up to 30 cycles were used. An in-house
ersonal computer and interface was used to monitor cell voltage.
n addition, an open-circuit cell (divided by a Naﬁon® 1135 cation
xchangemembrane)was used tomonitor the cell voltage between
arbon rod electrodes (typically 8mm diameter carbon rods). This
ell effectively measured the differential redox potential between
he half-cell electrolytes, which provided an indication of the state
f charge of the electrolyte. The cell current was also monitored.
. Model assumptions and equations
The kinetics associated with reduction and oxidation of vana-
ium species are known to be highly complex [14,15]. In this paper
he following simpliﬁed set of half-reactions is adopted:
egative electrode : V(III) + e−  V(II) (1)
ositive electrode : VO2+ + H2O VO2+ + 2H+ + e− (2)
here are several known “side reactions”, such as:
2H2O + 2e−  H2 + 2OH− hydrogen evolution
2H2O O2 + 4e− + 4H+ oxygen evolution
VO2+ + 2H2O HVO3 + 3H+ + e−
(3)
nd a number of others have been postulated [15]. Many species
articipate in the electrode reactions; in addition to the four vana-
ium species, water, components of a dissociated electrolyte (for
xample H+, HSO4−and SO42−in the case of sulfuric acid) can exist
n the solutions at any one time [15]. In light of the uncertainty in
he kinetics and a lack of characterizationwe focus attention on the
global” mechanism described by reactions (1) and (2).
The transport of each charged species, by diffusion, migration
nd convection, contributes to the current and affects the perfor-
ance. Inclusion of all three transport mechanisms is, therefore,
esirable. The fullest description of the battery system involves
ighly nonlinear terms and coefﬁcients in a complex system of
artial differential equations that couples the ﬂuid dynamics and
lectrochemical phenomena. In order to formulate a manageable
roblem, it is usual in such cases to adopt certain simplifying
ssumptions regarding the transport processes. In the general case
hese assumptions depend primarily on the number of species
onsidered and their relative concentrations. For example, the
ilute-solution approximation can be employed in the case of a
ominant component, or concentrated solution theory (based on
he Maxwell–Stefan equations) for a completely dissociated salt
n a binary solution [16]. Models of lead-acid [8], nickel-metal
ydride [9,10] and lithium-based [11–13], batteries are typically
ased on a binary-electrolyte approximation, which is not appli-
able to the problem under consideration in this paper. In the case
f a binary electrolyte concentrated-solution theory is straightfor-
ard but becomes cumbersome when several species are involved.
oreover, it requires values for several additional transport param-
ters that are not known for the present system.
It is also worth noting the similarities between the model
eveloped below and fuel cellmodels, namely polymer–electrolyte
PEMFC) [17,18], and (single phase, saturated) direct-methanol
19,20]. Both the all-vanadiumbattery and the aforementioned fuel
ell types employ a Naﬁon®-based membrane to transport charge
and as a by-product,water) from thepositive tonegative electrode.
odels that have been developed for the transport of species in the
embrane of a PEMFC are directly applicable to the present prob-
em, and a particular model, namely that found in [21,22], will be
mployed for the membrane sub-model in this paper.
The model we develop is based on a two-dimensional slice as
epicted in Fig. 1. All of the main components of the battery are
A.A. Shah et al. / Electrochimica Acta 53 (2008) 8087–8100 8089
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cFig. 1. A schematic of the all-vanadium battery and of the components modelled
odelled: current collectors, electrodes,membrane and reservoirs.
he two-dimensional approximation leads to a considerable sav-
ng in simulation times without a major loss in accuracy if the
lectrolyte ﬂow rate is reasonably high, as in normal operation.
xtension of the model to three dimensions is straightforward.
We make two approximations regarding the ﬂuid ﬂow: (i) we
se the dilute-solution approximation and (ii) we treat the ﬂuid
s incompressible. Both of these approximations can be justiﬁed
y the fact that the bulk of the liquid is water. We also neglect the
olume change resulting from a transfer ofwater between the elec-
rodes through themembrane. For calculationsover very long times
hese changeswould need to be incorporated but on the timescales
onsidered in the present study the transfer is of the order of one
r two percent, and, therefore, is not signiﬁcant.
.1. Equations in the porous carbon electrode
The addition of sulfuric acid will, in the presence of water,
ead to the formation of SO42−. This negatively charged species
nd the bisulfate ions HSO4−are necessary to maintain electro-
eutrality in the electrolyte solution. We need only consider the
isulfate ions, since the concentration of SO42− can be deter-
ined from the condition of electroneutrality expressed later. Let
i, i∈ {II,III,IV,V,H2O,H+,HSO−4 }, denote theconcentrationof species
in liquid (II corresponds to V(II), with similar notation for the other
anadium species). A volume-averaged mass balance in the porous
egions is expressed in the following form:∂
∂t
(ci) + ∇· Ni = −Si (4)
here  is porosity, and Si is the source terms for species i, deﬁned
n Table 1 and discussed in the sequel.
able 1
ources and sinks for the liquid phase Eq. (4)
ource term Positive electrode Negative electrode
II (V(II) concentration equation) – ∇·i/F
III (V(III) concentration equation) – −∇·i/F
IV (V(IV) concentration equation) ∇·i/F –
V (V(V) concentration equation) −∇·i/F –
H2O (water concentration equation) ∇·i/F –
H+ (proton concentration equation) – −2∇·i/F
g∑
i
∇
S
a
f
i
ms paper: current collectors, porous carbon electrodes, membrane and reservoirs.
For the concentration ﬂuxes, Ni, modiﬁed Nernst–Planck equa-
ions can be used [16,23], in which transport of a charged species
s assumed to occur by hydrodynamic dispersion, electrokinetic
ffects (electro-phoresis and -osmosis) and convection. The total
ux is:

i = −Deffi ∇ci −
ziciD
eff
i
RT
F∇ + vci (5)
here v is the superﬁcial electrolyte velocity,  is the ionic poten-
ial, andDeff
i
and zi are the effectivediffusion coefﬁcient andvalence
or species i, respectively. The effective diffusion coefﬁcient is
erived from the free-space value, Di, by a Bruggemann correction
24]:
eff
i = 3/2Di
The velocity v is given by Darcy’s law, in which the Kozeny-
arman law is used for the hydraulic conductivity [25]:
 = − d
2
f
K
3
(1 − )2
∇p (6)
here p is the liquid pressure,  is the dynamic viscosity of the
iquid, df is a mean ﬁbre diameter and K is the Kozeny-Carman con-
tant for a ﬁbrous medium. In keeping with the dilute-solution
pproximation and incompressibility assumption, we assume a
onstant value for , equal to the value for water.
The electrolyte is considered electrically neutral and is therefore
overned by the condition:
i
zici = 0. (7)
Conservation of charge (the charge entering the electrolyte, ie,
s balanced by the charge leaving the solid phase, is) yields:
·ie + ∇·is = 0. (8)
Note that an electro-osmotic term (as appears in the so-called
chloegl equationused later in themembrane) is absent in Eq. (6) as
result of the electroneutrality condition. The total current trans-
erred from the solid phase to the electrolyte,∇ · i = ∇ · ie = −∇ · is,
s equal to the net (volumetric) rate of electrochemical reaction
ultiplied by Faraday’s constant, F. The ﬂow of a charged species i
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ives rise to a current density:
i = ziF Ni.
The total current density in the electrolyte then satisﬁes (invok-
ng electroneutrality):
=
∑
i
ii = −eff∇ − F
∑
i
ziD
eff
i ∇ci (9)
here the effective conductivity, eff, is given by
eff = F
2
RT
∑
i
z2i D
eff
i ci (10)
n which T is temperature and R is the molar gas constant.
The liquid velocity is related to the gradient in liquid pressure
ccording to Eq. (6). The liquid pressure is determined from an
verall (liquid) mass balance, which from the incompressibility
ssumption is:
·v = 0. (11)
The velocity appearing in this equation is, strictly, the mass-
veraged velocity, as opposed to the molar-averaged velocity in
q. (5). However, under the dilute-solution approximation these
wo velocities are approximately equal (they are identical in the
xtreme case of inﬁnite dilution). Combining Eqs. (6) and (11) we
btain:
d2f
k
3
(1 − )2
∇2p = 0. (12)
In PEM fuel cell modelling a pseudo-steady state for proton and
lectron transport is typically assumed (justiﬁed in [26]); the same
pproach is adopted here. The electronic potential in the porous
arbon electrode is given by Ohm’s law:
effs ∇2 = −∇·i (13)
here conservation of charge, as expressed by (8), is imposed and
eff
s is the effective conductivity of the porous carbon electrode,
btained from the value for the solid material, s, subject to a
ruggemann correction:
eff
s = (1 − )3/2s.
.2. Equations in the membrane
For the transport processes in the proton-conducting mem-
rane we use the formulation of Bernadi and Verbrugge [21,22].
lternativemodels in thePEMFC literature are thewidelyusedphe-
omenologicalmodel of Springer et al. [27], and thehybridmodel of
eber and Newman [28,29]. The model of Bernadi and Verbrugge
s the most appropriate when the membrane is close to fully sat-
rated, as we can reasonably expect to be the case in the present
roblem. Moreover, it permits a straightforward coupling between
he membrane and porous-electrode equations.
The concentration of water dissolved in the membrane, cH2O,
atisﬁes the mass balance:
∂cH2O
∂t
− ∇·
(
Deffw ∇cH2O
)
+ ∇·(vcH2O) = 0 (14)
n which Deffw is the effective diffusion coefﬁcient for water and v is
he liquid velocity. The driving forces for the bulk ﬂow are potential
nd pressure gradients.
In contrast to the electrolyte in the porous carbon electrode,
he liquid in the membrane is not electro-neutral, if we assume
he presence of only water and protons. However, electroneutrality
s
c
e
c
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olds in any elementary volume of the bulk membrane, when we
ake into account the ﬁxed charge sites in the membrane structure
sulfonic acid groups in the case of Naﬁon®).
The velocity v is given by Schloegl’s equation:
 = − k
H2O
FcH+∇ −
kp
H2O
∇p (15)
or electrokinetic permeability k , hydraulic permeability kp, water
iscosityH2O, and proton concentration cH+ . As before, p is the liq-
id pressure. The incompressibility assumption gives the following
ontinuity equation for the liquid in the membrane:
·v = 0 (16)
hich yields an equation for p.
From the electro-neutrality condition the proton concentration
atisﬁes:
H+ = −zfcf
here cf is the ﬁxed charge site concentration in the membrane
nd zf is the ﬁxed site charge. The value of cH+ is taken as constant.
ince protons are the only mobile ions, the equation for current
onservation is (using Eqs. (15) and (16)):
= ∇·i = ∇· NH+ = −
F2
RT
Deff
H+cH+∇
2 (17)
here Deff
H+ is the effective diffusion coefﬁcient of the proton. The
ressure equation becomes, using Laplace’s equation for the ionic
otential:
kp
H2O
∇2p = 0. (18)
.3. Current collectors
The only equation required for the current collectors, in the
bsence of temperature variations (arising from ohmic heating and
eat transfer to the surroundings) is that for the electronic poten-
ial, which is given by Ohm’s law:
coll∇2 = 0 (19)
coll is the electronic conductivity of the collectors. As a reasonable
pproximation, its value is taken to be constant.
.4. Reaction kinetics
Themost straightforward description of the reversible reactions
aking place on the solid surfaces of the porous carbon electrode is
heButler–Volmer law. It is adoptedherebecause theprecisemulti-
tep reaction mechanism is not known and it is expected that the
asic reversible redox features can be adequately captured with
his form. Its use in other applications, such as PEM fuel cells, is
idespread and it is known to yield qualitatively accurate results.
he transfer current densities are therefore:
∇·i = AFk1
(
csIII
)˛−,1(
csII
)˛+,1 {exp(˛+,1F1
RT
)
− exp
(
−˛−,1F1
RT
)}
,
∇·i = AFk2
(
csIV
)˛−,2(
csV
)˛+,2 {exp(˛+,2F2
RT
)
− exp
(
−˛−,2F2
RT
)}
,
(20)
or the negative and positive electrode, respectively. The various
ymbols in these expressions are deﬁned as follows: A is the spe-
iﬁc (per unit volume of catalyst layer) active surface area of the
lectrode (solid-liquid interface); k1 and k2 are the standard rate
onstants for reactions (1) and (2), respectively; ˛+,k and ˛−,k are
he anodic and cathodic transfer coefﬁcients, respectively; and 1
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Table 2
Default initial and boundary values
Symbol Quantity Value
T Operating temperature (◦C) 27
c0III Initial V(III) concentration
a(molm−3) 1053
c0II Initial V(II) concentration (molm
−3) 27
c0IV Initial V(IV) concentration
a(molm−3) 1053
c0V Initial V(V) concentration (molm
−3) 27
c0
d
Initial water concentration (molm−3) 4.2 × 103
cHSO4− Initial HSO4
− concentration b(molm−3) 1200
c0
H+
Initial H+ concentration b(molm−3) 1200
pout Negative electrode outlet pressure (kPa) 300
ω Volumetric ﬂow rate (mL s−1) 1
I Current (A) 10
The concentration of SO4
2− at all times (including t = 0) is determined by the con-
dition of electroneutrality (7).
a This value is based on an initial state of charge of 5%.
b Estimate based on the value of cf .
Table 3
Default values of the constants related to structure
Symbol Quantity Size
h Electrode height (cm) 10
Lt Carbon electrode thickness (mm) 4
Lw Carbon electrode width (cm) 10
Lm Membrane thickness (m) 180
Lc Collector thickness (mm) 6
 Carbon electrode porosity a 0.68
df Carbon electrode ﬁbre diameter b(m) 10
d Carbon electrode inter-ﬁbre distance b(m) 10
Lw Electrode width (cm) 10
VT Electrolyte volume (half cell) (m) 250
a
a
r
˛
r

w
a
E
T
h
s
T
D
S
k
k
˛
˛
˛
˛
E
E
c
z
Table 5
Default values for constants related to the transport of charge and mass
Symbol Quantity Size
DII V(II) diffusion coefﬁcient in electrolyte 2.4 × 10−10 m2 s−1[32]
DIII V(III) diffusion coefﬁcient in electrolyte 2.4 × 10−10 m2 s−1 [32]
DIV V(IV) diffusion coefﬁcient in electrolyte 3.9 × 10−10 m2 s−1 [32]
DV V(V) diffusion coefﬁcient in electrolyte 3.9 × 10−10 m2 s−1 [32]
DH2O Water diffusion coefﬁcient in electrolyte 2.3 × 10−9 m2 s−1 [33]
Deffw Water diffusion coefﬁcient in the membrane 5.75 × 10−10 m2 s−1 [27]
Deff
H+
Proton diffusion coefﬁcient in the membrane 1.4 × 10−9 m2 s−1 [34]
DHSO4− HSO4
− diffusion coefﬁcient in the membrane 1.23 × 10−9 m2 s−1 [35]
DSO42−
SO4
2− diffusion coefﬁcient in the membrane 2.2 × 10−10 m2 s−1 [35]
K Kozeny-Carman constant: porous electrode 5.55 [36]
k Electrokinetic permeability: membrane 1.13 × 10−19 m2 [34]
kp Hydraulic permeability: membrane 1.58 × 10−18 m2 [37]



N
m
m
l
d
(
b
t
a
B
t
e
(23)
where 
IV = DIV/d and 
V = DV/d. ı is the average inter-ﬁbre dis-
tance in the porous carbon electrode and, as before, Di is the
diffusion coefﬁcient for species i in solution. The quantities 
i,Speciﬁc surface area: electrode b(m−1) 2 × 106
a Measured.
b Estimated.
nd2 are the overpotentials in the negative and positive electrode,
espectively. In the sequel we make the common approximation
±,k = 1/2, where the subscript k = 1,2 refers to reaction (1) or (2)
espectively . The overpotentials are deﬁned as follows:
k = s − e − E0,k (21)
here E0,k, k = 1,2, are the open circuit potentials for reactions (1)
nd (2) respectively, estimated from the relevantNernst equations:
0,1 = E′0,1 +
RT
F
log10
(
cIII
cII
)
, E0,2 = E′0,2 +
RT
F
log10
(
cIV
cIV
)
(22)
he equilibrium potentials E′0,1 and E
′
0,2 are given in Table 3. We
ave neglected changes in proton concentration in these expres-
ions since they are low during typical charge/discharge cycles.
able 4
efault values of the constants related to electrochemistry
ymbol Quantity Size
1 Standard rate constant: reaction (1) a 1.75 × 10−7 ms−1
2 Standard rate constant: reaction (2) 3 × 10−9 ms−1[15]
−,1 Cathodic transfer coefﬁcient: reaction (1) b 0.5
+,1 Anodic transfer coefﬁcient: reaction (1) b 0.5
−,2 Cathodic transfer coefﬁcient: reaction (2) b 0.5
+,2 Anodic transfer coefﬁcient: reaction (2) b 0.5
′
0,1 Equilibrium potential: V(II)/V(III) −0.255V [31]
′
0,2 Equilibrium potential: V(IV)/V(V) 1.004V [31]
f Fixed charge site (sulfonate) concentration 1200molm−3[21]
f Charge of ﬁxed (sulfonate) sites −1
a Fitted parameter.
b Approximation.
F
c
r
SH2O Water viscosity 10
−3 Pa s
s Electronic conductivity of porous electrode a 500Sm−1
coll Electronic conductivity of collectors a 1000Sm−1
a Approximations.
evertheless, our approach does represent a step beyond the com-
on assumption of constant open-circuit potential in detailed
odels of this kind.
The quantities cs
i
are vanadium-species concentrations at the
iquid–solid interfaces in the porous regions, which are generally
ifferent fromthebulk valuesdue to additional transport resistance
from the bulk solution to the interfaces). They can be related to the
ulk values, ci, by approximately balancing the rate of reactionwith
he rate of diffusion of reactant to (or from) the electrode surface
t steady state. For this purpose it is convenient to re-write the
utler–Volmer terms in a form that indicates linear dependence on
he surface concentrations (using Eqs. (22) in (20)). For the positive
lectrode during charge, the balance is
cIV − csIV =
k1

IV
{
csIV exp
(
F( −  − E′0,2)
2RT
)
− csV exp
(
−
F( −  − E′0,2)
2RT
)}
,
cV − csV = −
k2

V
{
csIV exp
(
F( −  − E′0,1)
2RT
)
− csV exp
(
−
F( −  − E′0,1)
2RT
)}
,ig. 2. A comparison of simulated and measured charge–discharge curves for
0
III = 1080molm−3 and c0III = 1440molm−3. The charge times are 2017 s and 2714 s,
espectively, and in each case 2min at zero currentwere simulated before discharge.
ee Tables 2-5 for the other parameter values.
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easuring the rate of reactant delivery to or from the surfaces by
iffusion from the bulk, are the so-called “piston velocities” (in m
−1). Solving these simultaneous equations for csIV and c
s
V gives:
csIV =
cIV + k2e−F( −−E
′
0,2
)/2RT (
cIV/
V + cV/
IV
)
1 + k2
(
e−F( −−E
′
0,2
)/2RT
/
V + eF( −−E
′
0,2
)/2RT
/
IV
) ,
csV =
cV + k2eF( −−E
′
0,2
)/2RT (
cIV/
V + cV/
IV
)
1 + k2
(
e−F( −−E
′
0,2
)/2RT
/
V + eF( −−E
′
0,2
)/2RT
/
IV
) ,
(24)
hese expressions are used in the reaction rates (20) to eliminate
he surface concentrations in favour of the bulk values. Similar
quations apply to the species at the negative electrode.
.5. Initial-boundary conditions and parameter values
For thediscussion on the boundary conditionswe recall Fig. 1. At
he interfaces between the membrane and electrodes, the species
uxes (excluding protons and water) and electron ﬂux are consid-
red to be negligibly small. At all external boundaries except the
nlets and outlets the species ﬂuxes are also zero, as is the ﬂux of
lectrons along the top and bottom boundaries:

i · n = 0
{
x = x1, x = x4
x = x2, x = x3 (except water/protons)
y = 0, y = h (except inlet/outlet)
(25)
c
A
ﬂ
−
ig. 3. Contours of the V(III) concentration during charge ((a) and (b)) and during dis
0
III = c0IV = 1080molm−3. Referring to Fig. 1, the line x1 = 6mm represents the current-
nterface.cta 53 (2008) 8087–8100
effs ∇ · n = 0
{
x = x2, x = x3
y = 0, y = h (26)
The proton ﬂux at the interfaces between the current collectors
nd electrodes in the x direction is zero:
−∇·
(
eff∇ + F
∑
i
ziD
eff
i ∇ci
)
· n = 0 x = x1, x = x4
− F
2
RT
Deff
H+cH+∇ · n = 0 y = 0, y = h
(membrane region)
(27)
The proton ﬂux across the membrane in the x direction is of
ourse nonzero. At the interfaces between the electrodes andmem-
rane the proton concentration is constrained to satisfy cH+ = cf.
At all boundaries of the domain of integration of the pressure
quation (except at the inlets and outlets) a Neumann condition is
pplied:
p·n = 0 (except inlets/outlets) (28)
t the inlets, each species enters with a prescribed bulk velocity
nd a concentration that depends on the pump rate (see below):
in
i = ci (t), vy = vin (inlets) (29)
t the outlets, the liquid pressure is prescribed and all diffusive
uxes are set to zero (except pressure):
D effi ∇ci · n = 0, p = pout (outlets) (30)
charge ((c) and (d)) corresponding to the cycle shown in Fig. 2. In this example
collector/electrode interface and x2 = 10mm represents the membrane/electrode
A.A. Shah et al. / Electrochimica Acta 53 (2008) 8087–8100 8093
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where, as deﬁned above, c0
i
is the initial concentration of species i
(water, vanadium species, protons and anions). The total volume ofig. 4. Evolution of the (magnitude of the) transfer current density during charge in
he line x1 = 6mm represents the current-collector/electrode interface and x2 = 10
he remaining boundary conditions on the electronic potential
epend on whether the battery is operated in potentiostatic or gal-
anostatic mode. For the present galvanostatic case the current is
ssumed to enter or leave uniformly through the current collectors,
anifested through the following ﬂux conditions (during charge):
coll∇ · n =
⎧⎨
⎩−
I
a
x = 0
I
a
x = x5
(31)
here I is the current and a is the surface area to which the current
s applied. For discharge the signs are reversed.
Consistent initial conditions are prescribed for the concentra-
ions and potentials as follows:
negative electrode ci(t = 0) = c0i  (t = 0) = E0,1(t = 0) (t = 0) = 0
positive electrode ci(t = 0) = c0i  (t = 0) = E0,2(t = 0) (t = 0) = 0
(32)
In the experimental arrangement the cell voltage (current
owing) is measured from the potential difference across an open-
ircuit cell, i.e., with conditions pertaining to the cell outlets. In the
imulations the cell voltage, E, was measured with respect to the
otentials at the intersections between the current collectors and
lectrodes, along y = h in Fig. 1.
The default set of parameter values for the simulations is given
n Tables 2–5. These values were used unless otherwise stated.
e
a
t
w
tegative electrode for the case c0III = c0IV = 1080molm−3 in Fig. 2. Referring to Fig. 1,
epresents the membrane/electrode interface.
.6. Pump approximation and inlet conditions
In the real system the movement of the electrolyte solution
hrough the electrode and pump alters the concentrations at the
nlet boundaries with time. It is essential to capture at least the
ain features of this process since the ﬂow rate is the main vari-
bleused to control thedistributionof electrolyte andcanmarkedly
ffect the performance of the battery (as demonstrated below).
Invoking conservation of volume, the volumetric ﬂow at the
utlet boundaries, with cross-sectional area Aout, is ω = vinAout.
rom the calculated average concentration at the outﬂow bound-
ries, cout
i
(found by integrating along the outlet surface), the inlet
oncentrations are approximated from the following mass balance,
hich assumes instantaneousmixing and negligible reaction in the
eservoir of volume V:
dcin
i
dt
= ω
V
(
couti − cini
)
, cini (0) = c0i (33)lectrolyte oneach sideof thebattery,VT , is the sumof theelectrode
nd the reservoir volumes, hLtLw and V, respectively, where h is
he height of the porous carbon electrode, Lt its thickness and Lw its
idth (see Table 3 for values). The volume in thepipeswas assumed
o be negligible.
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centration occurs along the inlet surface. Along any horizontal line
the depletion of V(III) during charge increases as the current collec-
tor surface (x = 6mm) is approached, since it is the surface along
which the current enters. At both times the minimum value of094 A.A. Shah et al. / Electrochi
.7. Numerical details
The model presented above was solved using the package
OMSOL Multiphysics® with a combination of the convection-
iffusion, general-form and ODE options. The package is based on
he ﬁnite-element method; a quadratic basis was used in all of the
imulations, together with a minimum of 2548 elements and a
aximum of 7256 elements. The relative error tolerance was set
o 1 × 10−8.
In order to match the potential at the beginning of charge it
as necessary to take into account the contact resistances between
he electrode and current collectors. A total value of 131 mV.
as obtained from ﬁtting the experimental to simulation results.
he entire cell voltage curve in each calculation was shifted ver-
ically upwards by this value. A second ﬁtting parameter was
he standard rate constant k1, for a which a value of 1.75 × 10−7
s−1 was used. Note that these quantities were ﬁtted only once
in the ﬁrst simulation) and subsequently used for all calcula-
ions.
. Results and discussion
.1. Concentration effects
Experiments were carried out at two different concentrations
nd electrolyte inﬂow rates. The state of charge (SOC) in the simu-
ations was measured from the residual V(III) concentration:
− cav
c0III
here zero corresponds to a zero SOC and unity to a full SOC. The
uantity cav is the average V(III) concentration in the negative half-
ell, including both the electrode and reservoir volumes, found by
volume average. For each case, the SOC value at the end of the
harging period was estimated from simulation to be 0.794 based
n the experimental charge time for c0III = c0IV = 1080molm−3, i.e.,
e used the same charge time in the simulation and measured the
alue of SOC as deﬁned above. At the endof the charge period, 2min
f operation at zero current followed by discharge were simulated
n each calculation.
Fig. 2 shows a comparison between the simulations and exper-
ments for two different concentrations, c0III = c0IV = 1080 molm−3
nd c0III = c0IV = 1440molm−3, demonstrating that the model cap-
ures the trends extremely well. Both sets of results show an
ncreased coulombic efﬁciency for increased concentration. In the
alculations, the charge times (to reach an equivalent state of
harge) are, approximately, 2017 s and 2714 s for the two cases
0
III = 1080molm−3 and c0III = 1440molm−3, respectively. The small
iscrepancies in cell voltage between the experiments and simula-
ions are likely to be due to the known presence of side reactions,
hich are not accounted for in the present model but are explored
n a forthcoming paper. We have chosen not to ﬁt the simulation
esults to the data for this reasons, and since our primary interest
s in capturing the trends.
Faraday’s law states that the concentration change in V(III) for a
patially homogeneous system of volume VT , c, is related to the
ime of charging, tc, and the current, I, as follows
Itc
F
=n = VTc = −VTc0
(
1 − c
c
)
(34)0
here 1 − c/c0 is a normalized concentration change, correspond-
ng to an initial concentration c0, and n is the number of moles. The
ime to reach a given SOC (or 1 − c/c0) for a given current and vol-
me is therefore directly proportional to the initial concentration.
F
f
t
bcta 53 (2008) 8087–8100
f we employ the average concentration cav as the concentra-
ion c in Eq. (34), the estimated concentration change in V(III)
or the case c0III = 1080molm−3isn = It/F = 0.209mol. The nor-
alized concentration change is therefore 1 − c/c0 =n/(VTc0) =
.794, which is identical to the simulated value of 0.794. More-
ver, the ratio of charge times for the two cases in Fig. 2
an be estimated as 1.44/1.08 = 1.33, which is almost identi-
al to the value of 2714/2017 = 1.346 yielded by the calcula-
ions.
Contour plots of the V(III) concentration at times during charge
nd discharge for the case c0III = 1080molm−3 are shown in Fig. 3.
n these plots, x = 6 mm corresponds to x1 in Fig. 1 and x = 10
m corresponds to x2. The inlet surface is represented by the line
= 0 and the outlet by y = 10 cm. During charge (Figures (a) and
b)) the depletion of V(III) increases as the height above the inlet
urface increases along any vertical line. The degree of variation
n this direction is determined primarily by the rate at which the
lectrolyte is moved through the electrode via the pump, i.e. the
olumetric ﬂow rate ω, and, as we would expect, the greatest con-ig. 5. Simulated contours of overpotential in the negative electrode during charge
or the case c0III = 1080molm−3. Referring to Fig. 1, the line x1 = 6mm represents
he current-collector/electrode interface and x2 = 10mm represents the mem-
rane/electrode interface.
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Fig. 6. Evolution of the water concentration during the charge and discharge cycle in the case c0 = c0 = 1080molm−3. See Tables 2–5 for other parameter values. Referring
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co Fig. 1, x1 = 6mm, x2 = 10mm, x3 = 10.18mm and x4 = 14.18mm. There is a net
he converse being true during discharge.
(III) concentration therefore lies at the intersection of the upper
urface, y = 10 cm, and the electrode/current-collector interface,
= 6mm. These effects are mirrored in the V(II) concentration
uring discharge, the evolution of which can be deduced form
he V(III) proﬁles shown on the bottom row. Moreover, we found
similar pattern in the positive electrode, where the minimum
oncentration of V(IV) occurs at the intersection of the outlet and
urrent collector (during charge). To conserve space these are not
hown.
Fig. 4 shows the evolution of the transfer current density in the
egative electrode (given in Eq. (20)) during charge. The maximum
urrent density, and therefore maximum reaction rate at all times
uring charge (Figures (a) and (b)) occurs at the intersection of
he inlet and current collector surface (x = 6 mm, y = 0), where
he concentration is highest and the current enters. Also noticeable
romtheseplots is that the current density falls sharply at the endof
he charge cycle along the outlet surface where the outlet and cur-
ent collector intersect (x = 6mm, y = 10 cm) and increases along
he outlet in the vicinity of the membrane (x = 10mm, y = 10 cm).
small decrease can also be seen at x = 6mm, y = 0, where the
nlet and current collector intersect, and a small increase at x =
0mm, y = 0, where the inlet surface meets the membrane. Refer-
ing back to Fig. 3, reaction depletion appears to be the cause of
a
r
1
T
pIII IV
ort of water from the positive electrode to negative electrode during charge, with
his pattern; notice in particular that the current density (which
s a function of the reactant concentrations and overpotential) fall
ost sharply where the reactant concentration attains its mini-
um. Fig. 5 shows the corresponding contours of overpotential
n the negative electrode during charge. The overpotential drops
uite sharply in most regions in order to maintain the current,
articularly in the upper half of the electrode as the membrane
x = 10 mm) is approached. The drop is not as steep near x = 6mm,
= 10 cm, where reaction is severely limited by the V(III) concen-
ration. Knowledge of the location and extent of suchpolarization is
ital in preventing ormitigating the effects of side reactions such as
xygen and hydrogen evolution. Even though side reactions are not
ncorporated, the onset of these reactions can be predicted by the
odel.
Fig. 6 shows the simulated proﬁles of water concentration dur-
ng charge (Figures (a) and (b)) and discharge (Figures (c) and
d)) for the case c0III = c0IV = 1080 molm−3. As before, x = 6mm
orresponds to the current-collector/negative-electrode interface
nd x = 10mm to the negative-electrode/membrane interface. The
egion 10mm< x < 10.18mm corresponds to the membrane and
0.18mm < x < 14.18mm corresponds to the positive electrode.
he model predicts a net transfer of water from the negative to
ositive electrode during charge (the net effect of the migration
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aig. 7. Evolution of the average water concentration (over both the electrode and
eservoir) in the negative and positive electrodes during the charge–discharge cycle
or the case c0III = 1080 molm−3. Fig. 6 shows corresponding proﬁles of the water
oncentration at selected times.
f hydrated protons and transport due to concentration and pres-
ure gradients). During discharge the net transfer is initially from
he negative to positive electrode but towards the end of the cycle
everses direction. From Fig. 6(a) and (b) it appears that drag of
ater from the positive to negative electrode is not the domi-
ant mechanism of transport, but rather back diffusion, which is
aused by the developing concentration and liquid-pressure gra-
ients from the negative to positive electrode. The magnitude of
he drag coefﬁcient depends on the current density, which in this
xample is low. For increasing current densities we would expect
he rate of water transfer from the positive to negative electrode to
ncrease, and for high enough current densities the drag to become
ominant.
Fig. 7 shows the evolution of the average water concentrations
n both electrodes (including both the reservoir and electrode vol-
mes) during the charge–discharge cycle, conﬁrming the picture
escribed above. Note that the proﬁles for the average concen-
rations in the electrodes alone have identical shapes. In the
ositive electrode water is consumed during charge, which, com-
w
i
ﬂ
s
ig. 8. Acomparisonof simulatedandmeasured charge–discharge curves for twovolumetr
nd 2045 s for ω = 2mLs−1, and in each case 2 min at zero current were simulated beforecta 53 (2008) 8087–8100
ined with the drag, forces the water concentration to decrease
ith time. This explains the dominance of back diffusion during
harge. On discharge water is produced in the positive electrode.
he existing pressure and concentration gradients combined with
rag, now from the negative to positive electrode, ensure that
ater continues to be transferred from the negative to positive
lectrode. Eventually, the concentration gradient that develops
rom the positive to negative electrode is sufﬁcient to overcome
he drag of water in the opposite direction. This can be seen in
he average water concentration in the negative electrode from
pproximately t = 55 min onwards. At the end of discharge, at
hich time the initial state of charge is recovered, there is a net
ncrease in water concentration in the positive electrode and a net
ecrease in the negative electrode, relative to the initial concentra-
ions.
On the timescales of the present calculations the net water
ransfer is relatively small, but over long times can cause substan-
ial volume changes in the reservoirs [30], leading to dilution of
anadium concentrations or conversely supersaturation and crys-
allization. Keeping track of the water content is important and
hanges can be captured, and more easily visualized, from a model
hat incorporates the water transport mechanisms.
.2. Effects of inlet ﬂow rate
An important control mechanism in the operation of a VRB sys-
em is the ﬂow (pump) rate of the electrolyte. If the ﬂow rate is
oo low the electrolyte is not efﬁciently circulated and stagnant
egions will form in the electrode. On the other hand, a ﬂow rate
hat is too high runs the risk of leakage or may not yield sufﬁcient
erformance gains for the extra power required. Fig. 8 compares
imulation results with experimental data at two volumetric ﬂow
ates in the case c0III = 1080 molm−3. Both the trend and the mag-
itude of change are captured well. These results suggest that as
he ﬂow rate is increased the coulombic efﬁciency improves. The
hird simulation result (ω = 3mLs−1) suggests that the relative
ain in coulombic efﬁciency decreases as the ﬂow rate is increased,
hich in turn suggests (as conﬁrmed by experiment) that there
s a ﬂow rate of optimum performance versus the volumetric
ow.
Fig. 9 shows contours of the V(III) concentration, current den-
ity and overpotential in the negative electrode at the end of the
icﬂowrates,with c0III = 1.08moldm−3. The charge times are2017 s forω = 1mLs−1
discharge. See Tables 2–5 for the other parameter values.
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Fig. 9. Simulated contours of V(III) concentration, transfer current density and over-
potential in thenegative electrode at t = 2045 s (endof charge) forω = 2mLs−1with
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ciency (the charge times are 2311 s for  = 0.6, 2017 s for  = 0.68
and 1796 s for  = 0.8). The degree of performance improvement is
similar to that due to an increase in the concentration of V(III) by
one third, as is seen by comparing Fig. 10 to Fig. 2.0
III = 1080molm−3. Referring to Fig. 1, the line x1 = 6mm represents the current-
ollector/electrode interface and x2 = 10mm represents the membrane/electrode
nterface. Compare with the equivalent contour plots in Figs. 3-5.
ischarge period at t ≈ 2045 s (of equivalent SOC to the calcu-
ations depicted in Fig. 3) for ω = 2mLs−1. When compared to
igs. 3 and 5, in which ω = 1mLs−1, it is clear that the concen-
ration in the electrode is more evenly distributed at the higher
ow rate. The overpotential and transfer current density are in turn
oreevenlydistributed.Ahigherﬂowrate reduces thecontact time
or reaction in the electrode, which leads to a slightly longer time
F
0
2
z
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or the exit solution to reach the desired state of charge. This also
xplains the greater degree of uniformity in the concentration (the
eactant in the electrode is replenished from the reservoir more
apidly), and why the cell voltage at the end of charge is slightly
ower.
To summarize, these results suggest two main beneﬁts to a high
optimal) ﬂow rate: increased coulombic efﬁciency and lower rates
f hydrogen and oxygen evolution.
.3. Variations in electrode porosity
There are various criteria for selecting the electrode material,
uch as electrical conductivity, resistance to corrosion and spe-
iﬁc surface area, the latter depending on the micro-structure
nd porosity. As a ﬁnal demonstration of the capabilities of the
odelwe refer to Fig. 10,which shows simulated charge–discharge
urves for three porosity values (the value in all previous ﬁgures is
= 0.68). Note that the total volume of electrolyte was the same in
ll cases. The differences in the curves in Fig. 10 are quite marked,
ven for these relatively small differences in porosity.
There are several effects associated with an increased porosity:
ecreased bulk conductivity, increased bulk diffusion coefﬁcients,
ncreased permeability and greater electrolyte volume in the elec-
rode. The increasing volume in the electrode leads to an increased
ulk reaction rate and therefore amore rapiddepletionofV(III) dur-
ng charge at anyﬁxed time, as canbe seen from the contour plots in
ig. 11. The V(III) concentration is much more uniform throughout
he electrode for  = 0.6, as are the current density and overpoten-
ial, the latter of which is signiﬁcantly higher on average. The lower
oncentration of V(III) and the decreased bulk conductivity (by a
actor of approximately 3) for  = 0.8 lead to greater polarization.
higher porosity would therefore lead to increased rates of side
eactions during charging.
As is evident from Fig. 11, the lower bulk reaction rate in going
rom  = 0.8 to  = 0.6 signiﬁcantly increases the time taken to
each an equivalent state of charge, as well as the coulombic efﬁ-ig. 10. Simulated charge–discharge curves for three electrode porosity values ( =
.68 corresponds to the base case), with c0III = 1080molm−3. The charge times are
311 s for  = 0.6, 2017 s for  = 0.68 and 1796 s for  = 0.8. In each case 2min at
ero currentwere simulatedbeforedischarge. SeeTables2–5 for theotherparameter
alues.
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Rig. 11. Simulated contours of V(III) concentration at t = 2311 s for  = 0.6 and t =
eferring to Fig. 1, the line x1 = 6mm represents the current-collector/electrode int
quivalent contour plots in Fig. 3.. Summary and future development
In this paper we have developed a modelling framework for
he vanadium RFB, which can easily be extended to several other
FB types that employ an ion-exchange membrane. The founda-
t
m
p
t
afor  = 0.8 (corresponding to the same state of charge) with c0III = 1080mol m−3.
and x2 = 10mm represents the membrane/electrode interface. Compare with theions of the model are the fundamental laws of charge, mass and
omentum conservation, and it therefore has the potential to
redict performance in idealized scenarios. Comparisons between
he simulation results and experimental data have demonstrated
good degree of accuracy in predicting the trends observed in
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laboratory test, with respect to variations in two key param-
ters (concentration and ﬂow rate). Further simulations have
redicted that decreasing the electrode porosity by a relatively
mall amount can lead to a substantial increase in coulombic
fﬁciency and a decrease in the rates of hydrogen and oxygen evo-
ution.
One of themain beneﬁts of themodelwhen used in conjunction
ith experiment is the ability to predict, amongst other quantities
f interest, proﬁles of concentration, overpotential andcurrentden-
ity, as in Figs. 3–6. In situ experimental measurements of these
uantities are extremely difﬁcult to obtain, and in some cases
mpossible, yet this information (such as the likelihood of local-
zed reactant depletion or of a steep potential rise) can be of vital
mportance to ensuring both good performance and longevity of
he battery. To serve as a predictive tool the model would of course
equire extensive validation andpossibly the inclusionof additional
hysical phenomena.
Thecurrentmodel canbeextended inseveral respects. Tempera-
ure variations (in particular fromheat loss) could play a signiﬁcant
ole if thereexists a steep temperaturegradientbetween thebattery
nd its surroundings, such as in a sub-zero environment. Such gra-
ients would affect the reaction rates and material conductivities;
he conductivityof aNaﬁon®membrane for example ishighly sensi-
ive to temperature. Another important featureof the real operation
s the presence of side reactions, particularly hydrogen and oxygen
volution, which affect performance and lead to degradation of the
lectrodematerials. Both temperature variations and side reactions
ill be considered in a forthcoming paper.
ppendix A. Nomenclature
geometric area of collector (m2)
speciﬁc surface area of porous carbon electrode (m−1)
reverse reaction rate constant
concentration (mol m−3)
inter-ﬁbre distance (m)
f mean ﬁbre diameter (m)
diffusion coefﬁcient (m2 s−1)
cell voltage (V)
0 open circuit voltage (V)
Faraday’s constant (Cmol−1)
electrode height (m)
current density (Am−2)
current (A)
permeability (m2)
i reaction rate constants (i = 1,2) (ms−1)
Kozeny-Carman constant
thickness/width (m)
 unit outer normal
 molar ﬂux (molm−3 s−1)
pressure (Pa)
universal gas constant (Jmol−1 K−1)
source/sink (molm−3 s−1)
time (s)
temperature (K)
 velocity (ms−1)
T electrolyte volume (half-cell) (m3)
thickness (m)
height (m)
valence
reek letters
transfer coefﬁcient
piston velocity (ms−1)
[
[
[
[
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volume fraction
overpotential (V)
ionic conductivity (Sm−1)
dynamic viscosity (kgm−1 s−1)
electronic conductivity (Sm−1)
protonic potential (V)
electronic potential (V)
volumetric ﬂow rate (m3 s−1)
ubscript
positive electrode quantity
v average value
negative electrode quantity
oll current collector quantity
electrolyte quantity
ﬁxed charge quantity
2O water property
species i∈ {V(II),V(III),V(IV),V(V),H2O,H+,HSO−4 , SO2−4 }
n inlet value
reaction (1) or (2)
solid or electronic property
water property (membrane)
initial or equilibrium value
negative electrode quantity/property
positive electrode quantity/property
uperscript
ff effective value
n inlet value
ut outlet value
initial value
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